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Introduction
A significant number of empirical studies have investigated the extent and determinants of technical efficiency within and across industries (see Alvarez and Crespi 2003 , Caves and Barton 1990 , Gumbau-Albert and Joaquín 2002 , Green and Mayes 1991 , and Fritsch and Stephan 2004a . Comprehensive literature reviews of the variety of empirical applications are made by Lovell 1993 and Seiford 1996 , 1997 Compared to this literature, attempts to quantify the extent and distribution of allocative efficiency are relatively rare (see Greene 1997) .
1 This is quite surprising since allocative efficiency has traditionally attracted the attention of economists: what is the optimal combination of inputs so that output is produced at minimal cost? How much could the profits be increased by simply reallocating resources? To what extent does competitive pressure reduce the heterogeneity of allocative inefficiency within industries? 2 A firm is said to have realized allocative efficiency if it is operating with the optimal combination of inputs given prices of inputs.
The traditional approach to measuring allocative efficiency requires input prices (see Atkinson and Cornwell 1994 , Greene 1997 , Kumbhakar 1991 , Kumbhakar and Tsionas 2005 , and Oum and Zhang 1995 which are hardly available in reality. 3 This explains why empirical studies of allocative efficiency are highly concentrated on certain industries, particularly banking, because information on input price can be obtained for these industries.
This paper introduces a new approach to estimating allocative efficiency, which is solely based on quantities and profits and does not require information on input prices.
An indicator for allocative efficiency is derived as the output-oriented distance to a frontier in a profit-technical efficiency space. What is, however, needed is an assessment of inputsaving technical efficiency; i.e., how less input could be used to produce given outputs.
The paper proceeds as follows: Section 2 theoretically derives a new method for estimating allocative efficiency and introduces a theoretical framework for activity analysis models. Section 3 presents the results of the Monte-Carlo experiment on comparison of 1 allocative efficiency scores calculated using both traditional and new approaches. Section 4 provides a rationale and a simple illustration using the new approach; Section 5 concludes.
Measurement of Allocative Efficiency

Traditional Approach to Allocative Efficiency
A definition of technical and allocative efficiency was made by Farrell 1957 . According to this definition, a firm is technically efficient if it uses the minimal possible combination of inputs for producing a certain output (input orientation). Allocative efficiency, or as
Farrell called it price efficiency, refers to the ability of a firm to choose the optimal combination of inputs given input prices. If a firm has realized both technical and allocative efficiency, it is then cost efficient (overall efficient). w(w1, w2) . If the firm is producing output y A with the factor combination x A (a in Figure 1 ), it is operating technically inefficient. Potentially, it could produce the same output contracting both inputs x 1 and x 2 (available at prices w), proportionally (radial approach); the smallest possible contraction is in point b, representing (θx A ) a factor combination. Having reached this point, the firm is considered to be technically efficient. Formally, technical efficiency is measured by the ratio of the current input level to the lowest attainable input level for producing a given amount of output. In terms of Figure 1 , technical inefficiency of unit x A is given by
or geometrically by ob/oa. The measure of cost inefficiency (overall efficiency) is given by the ratio of potentially minimal cost to actual cost:
or geometrically by oc/oa. Thus, cost inefficiency is the ratio of expenditures at x E to expenditures at x A while technical efficiency is the ratio of expenditures at (θx A ) to expenditures at x A . The remaining portion of the cost efficiency is given by the ratio of expenditures at x E to expenditures at (θx A ). It is attributable to the misallocation of inputs given input prices and is known as allocative efficiency:
or in terms of Figure 1 is given by oc/ob.
A New Approach to Allocative Efficiency
When input prices are available, allocative efficiency in the pure Farrell sense can be calculated using, for example, a non-parametric frontier approach Färe, Grosskopf and Lovell 1994 or a parametric one (Greene 1997, among others) . However, if input prices are not available these approaches are not applicable. In contrast to this, the new approach we propose allows measuring allocative efficiency without information on input prices. An estimate of allocative efficiency can be obtained with the new approach that is solely based on information on input and output quantities and on profits.
The first step of this new approach involves the estimation of technical efficiency;
whereby, in the second step allocative efficiency is estimated as an output-oriented distance to the frontier in a profit-technical efficiency space.
Proposition 1 Existence of the frontier in profit-technical efficiency space A profit maximum exists for any level of technical efficiency.
In Figure 2 , three firms, A, B, and C using inputs x A , x B and x C , available at prices w, 4 produce output y A , which is measured by the isoquant L(y A ). For the sake of argument, firms A, B, and C are all equally technically efficient (the level of technical efficiency θ, however, is arbitrarily chosen) which is read from expenditure levels at (θx A ), (θx B ), and at (θx C ), respectively. In geometrical terms ob
The costs of these three firms are determined by wx A , wx B , and by wx C . The isocost corresponding to expenditures at x C is the closest possible to the origin o for this level of technical efficiency and, therefore, implies the lowest level of cost. This is because x C is the combination of inputs lying on the ray from origin and going through the tangent point of the isocost (corresponding to expenditure level of wx E ) to the isoquant L(y A ).
This implies that for θ-level of technical efficiency costs have a lower bound and using the fact that firms are producing the same output y A , profits have an upper bound. Without loss of generality, for each level θ of technical efficiency there is a profit maximum, which proves the existence of a frontier in profit-technical efficiency space. Remark 1 Frontier in profit-technical efficiency space is sloped upwards
In Figure 3 , two firms, C and D, use inputs x C and x D to produce output y A , which is measured by the isoquant L(y A ). Both firms are allocatively efficient because they lie on the same ray from the origin that goes through the tangent point x E ; thus, in terms of Proposition 1 we only look at the frontier points. These firms operate, however, at different levels of technical efficiency θ C and θ D , respectively. Since the isocost representing the level of expenditure wx C is closer to the origin than that of the expenditure level wx D , costs of firm C are smaller than those of firm D and firm C is more profitable
with larger profits for points forming the frontier in profit-technical efficiency space. This proves that such frontier is upward sloping.
Proposition 2 The higher the allocative efficiency the higher the profit For any arbitrarily chosen level of technical efficiency, the closer the input combination to the
Figure 3: Relationship between technical efficiency and profit optimal one (i.e., the larger the allocative efficiency) the larger the profit will be. Figure 2 (all three firms are equally technically efficient) expenditures solely depend on allocative efficiency. Moreover, the smaller the allocative efficiency the larger the expenditure. Keeping in mind that these firms produce the same output y A , we conclude that for θ-level of technical efficiency (again chosen arbitrarily) the larger the allocative efficiency the lower the costs and the larger the profit is; as allocative efficiency reaches its maximum (for firm C), the maximal profit is also achieved. Without loss of generality, this statement is true for any level of technical efficiency.
Equation 3 suggests that in terms of
Proposition 3 Allocative efficiency in profit-technical efficiency space Outputoriented distance to the frontier in profit-technical efficiency space measures allocative efficiency. In Figure 4 frontier is the locus of the maximum attainable profits as defined in Proposition 1. The firms A, B, and C have the same technical efficiency level T E 0 ; however, they have different profit levels: p 1 , p 2 , and p, respectively. The potential level of profit which firms can reach is p. The closer the observation is to the frontier, the larger the profit is. As we recall from Figure 2 , the shift from firm A to firm C is only possible when the input-mix is changed; i.e., allocative efficiency is improved. Thus, in Figure 4 the shift from firm A to firm B means an increase in allocative efficiency (distance AE A is larger then distance AE B ), and further increase in allocative efficiency within the same level of technical efficiency is only possible up to firm Cs observation, for which both profit and allocative efficiency are at the maximum. Thus, which is most remarkable, a vertical distance from the observation to the frontier serves as a measure of the allocative efficiency.
To summarize, we have defined a new way of estimating allocative efficiency, specif-ically, this is the output-oriented distance to the frontier in profit-technical efficiency space.
Monte-Carlo simulation
To analyze whether our new approach to measuring allocative efficiency yields valid estimates, we conducted several Monte-Carlo experiments. According to a micro-economic theory, a firm which chooses such a combination of inputs, that their ratio cost shares is equal to the ratio of output elasticities of the respective inputs, will be most profitable.
When we speak of optimal combination of inputs, the original notion of allocative efficiency comes into play, and we suggest that the closer the cost share ratio of inputs to the ratio of elasticities the larger a firm's allocative efficiency will be.
Empirical implementation of the traditional approach
The traditional approach can be used when input prices are known. Under technology T such that
we measure input-oriented technical efficiency as the greatest proportion that the inputs can be reduced and still produce the same outputs:
We employ the Data Envelopment Analysis (DEA) all the way through the empirical estimation. For K observations, M outputs, and N inputs an estimate of the Farrell InputSaving Measure of Technical Efficiency can be calculated by solving a linear programming problem for each observation j (j = 1, . . . , K):
8 for m = 1, . . . , M and n = 1, . . . , N. Note that superscript i stands for input orientation while C denotes constant returns-to-scale. Other returns-to-scale are modeled adjusting process operating levels z k s (see Färe and Primont 1995 for details).
When input prices and quantities are given we can calculate the total costs and the minimum attainable cost (solve linear programming problem) and then compute an estimate of cost efficiency for each observation j (j = 1, . . . , K) as in equation (2):
for m = 1, . . . , M and n = 1, . . . , N. We refer to the residual of technical and cost efficiencies as Input Allocative Efficiency, which can be computed for each observation j
Empirical implementation of the new approach
As mentioned above, the main virtue of the new approach is that we do not necessarily need input prices for measuring allocative efficiency. Technically, we need output-oriented distances to the frontier in the profit-technical efficiency space. We take advantage of the technical efficiency estimates (denoted by TE) obtained as in equation (6) and profitability measure (denoted by Pr) to calculate (solve linear programming problem) allocative efficiency for each observation j (j = 1, . . . , K) as follows:
Design of the Monte-Carlo experiments
In each of the Monte-Carlo trials, we study a production process which uses two inputs to produce one output. Data for the i th observation in each Monte-Carlo experiment were generated using the following algorithm.
(i). We chose output elasticities of two inputs to be 0.2 and 0.8.
(ii). Draw x 1 ∼ (φ + λ · uniform); uniform on the interval [0;1].
(iii). Draw r ∼ uniform; uniform on the interval [0;8] . This is meant to be an experimental ratio of used inputs.
(iv). Set x 2 = rx 1 .
(v). Choose ǫ. In doing so, we allow the ratio of inputs in each Monte-Carlo trial to vary on the interval [ǫ; 8 − ǫ]. Therefore, we obtain enough variation of inefficient combinations of inputs, or in other words, enough variation of allocative inefficiency.
(vii). Generate output data assuming trans-log production function, which will contain inefficiency component:
The chosen parameter values ensure homogeneity of degree one. We run the simulations with N = 100 and with N = 400.
(viii). Draw price of input x 1 : w 1 ∼ (ϕ + ψ · uniform), uniform on the interval [0;1]. The price of input x 2 is calculated as w 2 = θw 1 -we want to keep the ratio of input prices constant to have the isoquants parallel (recall Figure 2) .
(ix). Set profit as output (we set output price equal to 1) minus cost and this is divided by output.
(x). DEA traditional allocative efficiency as in equation (8).
(xi). DEA our measures of allocative efficiency using technical efficiency drawn in step (vi) as in equation (9).
(xii). Solve for technical efficiency as in equation (6), and DEA our measure of allocative efficiency using these solved technical efficiency scores.
(xiii). Calculate rank correlation coefficient between allocative efficiency estimates based on traditional and our approaches.
(xiv). Repeat steps (i) through (xiii) L times.
In each of our experiments we set φ = 1, λ = 7, ϕ = 1, ψ = 0.05, γ 11 = 0.01, γ 22 = 0.01, and γ 12 = −0.02. In order to look at different variabilities of inappropriately chosen ratios of inputs, we set ǫ = 0.5, ǫ = 1, and ǫ = 2. With ǫ = 2, variability of allocative efficiency is expected to have been reduced considerably-range becomes [2;6]; and vice versa, ǫ = 0.5 ensures very large variability-range increases to [0.5;7.5]. We conduct three sets of experiments setting σ 2 u to 0.0025, 0.025, and 0.25; this ensures covering a plausible range of standard deviations of technical efficiency.
6 In each experiment we ran L=500 Monte-Carlo trials. 
Results
From Tables 1-6 it is clearly seen that in all three cases the DEA estimates the drawn technical efficiency scores fairly accurately-the rank correlation coefficient (Corr4) is close to one. This is an expected outcome since we do not assume a stochastic term in the production output generation (step (vii) of the experiment). The same argument applies to the rank correlation coefficient between allocative efficiency calculated in step (xi) and that calculated in step (xii) (Corr3). Thus, there is not much difference in using the true or the estimated technical efficiency in the new approach. However, what is of most interest to us are the rank correlation coefficients between allocative efficiency estimates from the traditional and our new approach (Corr1 and Corr2). Corr1 has been computed with the estimates of allocative efficiency based on "true" technical efficiency while Corr2 has been computed with the estimates of allocative efficiency based on estimated values of technical efficiency. As previously mentioned, the rank correlation between these measures is quite high (Corr3). We argue that it is more appropriate to draw conclusions from Corr2 since we do not know the "true" technical efficiency in practice.
The first observation worth mentioning is that when variability of sub-optimal ratios decreases (ǫ increases): our method is less successful in yielding similar estimates as the traditional one. Hence, our method deteriorates in terms of exactness when "true" allocative efficiency is not very heterogeneous.
Furthermore, the results show that our approach is robust with respect to variance of the drawn technical efficiency, σ 2 u . Looking closely at correspondent ratios, one can notice that for the same θ's Corr2 is increasing when σ 2 u increases, whereas for other θ's Corr2 decreases when we increase σ The results are better when the sample size is increased to 400 (Tables 4-6 ). However, the improvement does not change our main conclusions based on the experiments with sample size 100. As expected, standard deviations of rank coefficients are almost halved when the sample size is quadrupled.
Results of one run
8 (sample size 500) are summarized in Figure 6 . Our methodology almost completely repeats the trend of the traditional approach for ǫ = 0.5 which is backed by a high correlation coefficient in Tables 1 and 4 ; as ǫ becomes larger Figure 6 suggests that our methodology is less able to predicts allocative efficiency. However, it is most remarkable that our methodology is in line with the traditional approach.
4 Empirical illustration of the new approach
Data
To illustrate the usefulness of the new approach for measuring allocative efficiency when input prices are not available, we apply it to micro-data from the German Cost Structure 
10
The Cost Structure Census contains information for a number of input categories.
11
These categories are payroll, employers' contribution to the social security system, fringe benefits, expenditure for material inputs, self-provided equipment, and goods for resale, for energy, for external wage-work, external maintenance and repair, tax depreciation of external services (e.g., repair costs and external wage-work), and (vi) "other" inputs related to production (e.g., transportation services, consulting, or marketing).
13
Profits are computed as one minus the total costs divided by the turnover. Since the DEA requires positive values, we standardize the profit measure to the interval (0,1) by adding the minimum profit and dividing this by the range of profits. Figure 7 shows profitability plotted against estimated technical efficiency. Remarkably, a frontier, as could be theoretically expected from Proposition 1, indeed exists. Another observation worth mentioning is that within a certain level of technical efficiency (i) profitability greatly varies suggesting variation in allocative efficiency (as firms A, B, and C in Proposition 3) and (ii) profits are bounded from above. Moreover, the frontier is positively sloped as was stated in the first theoretical part of this paper. Interestingly, Figure   7 suggests that even with 100 percent technical efficiency enterprises can be allocatively inefficient.
Results
We calculated technical efficiency scores as in equation (6). Table 7 Descriptive statistics on allocative efficiency are also presented in Table 7 . At a first glance, the mean and the variation of allocative efficiency appear to be strikingly similar to that of technical efficiency. However, the distribution of allocative efficiency is more symmetric and has a lower variance compared to the technical efficiency distribution.
Kernel estimated density of technical efficiency is shown in the left panel of Figure 8 ;
we use Gaussian kernel function and the Sheather and Jones 1991 rule to determine the "optimal" bandwidth. Although the number of firms is quite large, we analyze the sensitivity of efficiency scores relative to the sampling variations of the estimated frontier in an additional step. Consequently, we perform the homogeneous bootstrap as described by Simar and Wilson 1998. The geometric mean of the bias-corrected efficiency scores is 0.6066, which is on average 0.0886 lower than that estimated via the DEA; the mean variance of bias is 0.0036. In comparison to other studies, however, the bias of estimates and its standard error are rather low, thereby indicating a robustness of the technical efficiency scores.
Conclusions
Allocative inefficiency, introduced in the seminal work by Farrell 1957, has important implications from the perspective of the firm. How much could firms increase their profitsgiven a certain output they produce-just by reallocating resources? On the other hand, the existing empirical evidence on the extent and determinants of allocative efficiency within and across industries is rather limited. The main reason is that the traditional approach to assessing allocative efficiency requires input prices. However, input prices are rarely accessible, which per se, precludes the analysis of the allocative efficiency with non-parametric approach.
In this paper, a new method is developed which enables calculating allocative efficiency without knowing input prices. This indicator is derived as the output-oriented distance to the frontier in profit-technical efficiency space. Thus, besides input and output quantities, only the profits of the firms are needed for calculating allocative efficiency. A simple Monte-Carlo experiment was performed to check the validity of the new methodology.
We obtain high-rank correlation coefficients between allocative efficiency estimates based 2005, and Grazhdaninova and Zvi 2005) . Studies for manufacturing sector are relatively rare (e.g., Burki, Khan and Bratsberg 1997, and Kim and Gwangho 2001) 2 Moreover, allocative efficiency is also import for the analysis of the production process; e.g., to estimate the bias of (i) the cost function parameters, (ii) returns to scale, (iii) input price elasticities, and (iv) cost-inefficiency Kumbhakar and Wang forthcoming or to validate the aggregation of productivity index Raa 2005) .
3 This includes retrieving allocative efficiency using shadow prices (see Greene 1997 and Lovell 1993) .
4 Let us assume that the ratios of input prices are equal for each firm. This assumption is needed to have the isocosts parallel to each other.
5 Since the DEA is deterministic, we do not incorporate a stochastic term in the Monte-Carlo trials.
6 Using a different experiment, Greene 2005 obtains estimates of technical efficiency with standard deviations from 0.09 to 0.43.
7
The simulation is programmed in SAS 9.1.3; computationally, one run with N=100, L=500 takes about 7 hours on a Pentium IV processor running at 3GHz. Thus, we defined relatively few parameter constellations in the performed experiment.
8 We repeated this experiment many times and the general picture was always similar; however, due to space constraints it is not possible to present all results here. 10 We do not include turnover from activities that are classified as miscellaneous such as license fees, commissions, rents, leasing etc. because this kind of revenue cannot adequately be explained by the means of a production function.
11 Though the production theory framework requires real quantities, using expenditures as proxies for inputs in the production function is quite common in the literature (see e. Corr1 is the rank correlation between allocative efficiency calculated in step (x) and that calculated in step (xi), c Corr2 is the rank correlation between allocative efficiency calculated in step (x) and that calculated in step (xii), d Corr3 is the rank correlation between allocative efficiency calculated in step (xi) and that calculated in step (xii), e Corr4 is the rank correlation between technical efficiency calculated in equation (6) and that drawn in step (vi). Note: In each panel the vertical dashed line is the mean value of the corresponding density. 
